We prove a sharp systolic inequality relating the homological 2-systole of a compact 3-manifold with boundary to its scalar curvature. If equality is attained, then the universal cover of the manifold is isometric to a cylinder over a round hemisphere.
Introduction
Let (M 3 , g) be a closed and oriented riemannian 3-manifold. The homological 2-systole of (M, g) is defined by
In a recent paper, D. Stern [3] gave a proof of the following systolic inequality, originally proved by Bray-Brendle-Neves [1] in a stronger version: Theorem 1.1. On a closed, connected and oriented riemannian 3-manifold (M 3 , g) with positive scalar curvature R M and H 2 (M ; Z) = 0, we have
Moreover, if equality holds, then the universal cover of M is isometric to the standard cylinder S 2 × R up to scaling.
In this paper, we consider 3-manifolds with nonempty boundary. Let (M, g) be such a manifold, and assume that it is compact and oriented. Define its homological 2-systole by 
Moreover, if equality holds, then the universal cover of M is isometric to the cylinder S 2 + × R up to scaling, where S 2 + is a closed hemisphere of the unit round sphere.
Proof of Theorem 1.2
We shall make use of the following result:
. Let (M 3 , g) be a compact, connected and oriented riemannian 3-manifold with boundary ∂M = ∅. For a harmonic map u : M → S 1 = R/Z satisfying homogeneous Neumann condition, we have the identity
is a regular level set of u and χ(·) denotes the Euler characteristic.
Recall that Poincaré-Lefschetz duality gives an isomorphism
Since we are assuming that To prove Theorem 1.2, fix such a map u : M → S 1 . By Theorem 2.1 and by the fact that H ∂M ≥ 0, we have the following inequalities: Also observe that, if N (θ) denotes the number of connected components of Σ θ , then χ(Σ θ ) ≤ N (θ). This is simply because χ(S) ≤ 1 for any compact and connected surface with boundary.
Combining these facts with inequality (1), we obtain
Cancelling factors, we get
as we wanted. Suppose now that equality holds. Then, analysing all the steps, we have Firstly, notice that condition (i) implies that |du| has constant norm (different from 0). So, every level set Σ θ is regular and totally geodesic. Indeed, let A denote the second fundamental form of a level set of u, and let X, Y be tangent vectors of that level set. Then
Hess(u)(X, Y ) = 0.
Secondly, the Bochner formula for the (harmonic) gradient 1-form h = u * (dθ) reads
Since |h| = |du| is constant and Dh = Hess(u) ≡ 0, we get Ric(h, h) = Ric(∇u, ∇u) = 0. Now, the Gauss' formula for a level set Σ θ of u,
gives that the sectional curvature of Σ θ is constant and equal to 1 2 R M (which is itself constant by (ii)). Here, N = ∇u |∇u| denotes the unit normal, R θ the scalar curvature, H θ the mean curvature and A θ the second fundamental form of Σ θ . This way, each component of a level set of u is isometric to a geodesic ball of a round sphere.
Finally, fixing a connected component S of a level set of u, the gradient flow of u, Φ :
defines a local isometry. It is easy to see that it is also a covering map. Since the boundary of M is minimal, we conclude that S must be a hemisphere of a round sphere. This completes the proof of the theorem.
